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Abstract
We propose a new type of solution to the ultradiscrete hungry Lotka–Volterra
(uhLV) equation. For the solution, the periodic phase is introduced into the
known soliton and the extended soliton becomes a traveling wave showing a
periodic variation. We call this type of wave a ‘periodic phase soliton’ (PPS).
The solution has two forms of expression: one is the ‘perturbation form’ and
the other is the ‘ultradiscrete permanent form’. We analyze the interaction
among PPSs and solitons. Moreover, we give the outline of proof to show that
the solution satisfies the bilinear equation of the uhLV equation.

PACS numbers: 05.45.Yv, 02.30.Ik

1. Introduction

The hungry Lotka–Volterra (uhLV) equation is a generalization of the Lotka–Volterra equation
and is a predator–prey model of generalized interaction of species [1]. It is defined by

dxn

dt
= xn

(
M∑

k=1

xn−k −
M∑

k=1

xn+k

)
, (1)

where xn(t) denotes the number of nth species at time t and M means a range of interaction of
nth species. This equation is a soliton equation and has the N-soliton solution. The discrete
analog to (1) is the discrete hungry Lotka–Volterra equation defined by

xm+1
n

xm
n

=
M∏

k=1

1 + δxm
n−k

1 + δxm+1
n+k

, (2)

where m denotes an integer time [4]. If we replace xm
n by xn(mδ) and take a limit δ → 0,

we obtain (1) from (2) as a limit equation. Equation (2) is also a soliton equation and can be
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bilinearlized using a transformation of the dependent variable,

xm
n = f m+1

n+M+1f
m
n−M

f m+1
n+1 f m

n

. (3)

Using this transformation, we obtain the bilinear equation

(1 + δ)f m
n+1f

m+1
n = f m

n f m+1
n+1 + δf m

n−Mf m+1
n+M+1. (4)

The ultradiscretization [2, 5, 7] is a process to discretize the dependent variable of a
discrete equation utilizing the formula

lim
ε→+0

ε log(ea/ε + eb/ε) = max(a, b). (5)

By this process, we can obtain the ‘ultradiscrete equation’ of which all variables are discrete. In
particular for the soliton equation, its integrability is preserved through the ultradiscretization.
Thus, we obtain the ultradiscrete soliton equation through the process. For example, we obtain
the set of equations and transformation from (2), (3) and (4) through the transformation of
variables and constants including the parameter ε,

xm
n → exm

n /ε, f m
n → ef m

n /ε, δ → e−1/ε, (6)

and the limit ε → +0. The obtained equations are

xm+1
n − xm

n =
M∑

k=1

max
(
0, xm

n−k − 1
) −

M∑
k=1

max
(
0, xm+1

n+k − 1
)
, (7)

xm
n = f m

n−M + f m+1
n+M+1 − f m

n − f m+1
n+1 , (8)

f m
n+1 + f m+1

n = max
(
f m

n + f m+1
n+1 , f m

n−M + f m+1
n+M+1 − 1

)
. (9)

We refer to (7) as the uhLV equation. The N-soliton solution to (4) can also be ultradiscretized
giving those to (9). The solution in the ‘perturbation form’ to (4) is given by [4]

f m
n =

∑
μ∈{0,1}N

∏
1�i�N

si(m, n)μi ·
∏

1�i<j�N

a
μiμj

ij (10)

where

si(m, n) = ωm
i k−n

i ci, ωi = 1 + δpi

1 + δqi

, aij = (pi − pj )(qi − qj )

(pi − qj )(qi − pj )
,

pi =
M∑

j=0

k
j

i , qi =
M∑

j=0

k
−j

i , μ = {μ1, . . . , μN } ∈ {0, 1}N .

(11)

The parameters ki and ci are arbitrary. If we use the following transformations with (6):

ki → eki/ε, ci → eci/ε, (12)

and take the limit ε → +0 under the condition ki � 1/M , we obtain the ultradiscrete solution
to (9),

f m
n = max

μ∈{0,1}N

⎛
⎝ ∑

1�i�N

μisi(m, n) +
∑

1�i<j�N

μiμjaij

⎞
⎠ , (13)

where

si(m, n) = ωim − kin + ci, ωi = Mki − 1,

aij = −(M + 1) min(ki, kj ).
(14)
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The parameters ki and ci are also arbitrary other than ki � 1/M . Note that we use formula (5)
in the derivation of this solution.

The solution in the ‘determinant form’ to (4) is given by

f m
n = det(ϕi(m, n + j − 1))1�i, j�N, (15)

where

ϕi(m, n) = αi(1 + δpi)
−m(1 − 1/pi)

n + βi(1 + δqi)
−m(1 − 1/qi)

n. (16)

The parameters pi and qi are the same as in (11), and αi and βi are arbitrary. This determinant
form cannot be ultradiscretized directly since the limit limε→+0 ε log(ea/ε − eb/ε) is not well
defined.

The contents of this paper are as follows. In section 2, we propose a new type of solution
to (9) for M = 2. The special case of this solution gives a normal soliton. The general
case gives a wave like a soliton including a periodic variation of its phase. Each wave moves
changing its shape periodically due to this variation. We call this type of soliton a ‘periodic
phase soliton’ (PPS) in this paper.

Moreover, the solution can be described by two equivalent forms. One is the perturbation
form like (13). The other is the ‘ultradiscrete permanent’ (UP) form. The UP is obtained by
ultradiscretizing the permanent and this type of solution can be considered to be an ultradiscrete
analog to the determinant type of solution like (15) to the discrete equation [3, 6].

In section 3, we show concrete examples of a PPS. We pick up one and two PPSs or the
interaction between one PPS and one soliton, and show their time evolution in detail.

In section 4, we give the outline of proof showing the PPS solution satisfying the bilinear
equation (9). First we show the equivalence of the perturbation form and the UP form [3].
Then we show that the PPS solution of UP form satisfies the bilinear equation (9).

In section 5, we give concluding remarks.

2. Periodic phase soliton

We give an exact PPS solution to (9) for M = 2 in this section. The bilinear equation is

f m
n+1 + f m+1

n = max
(
f m

n + f m+1
n+1 , f m

n−2 + f m+1
n+3 − 1

)
. (17)

There are two forms to express the solution. One is the perturbation form and the other is the
UP form. The solution in the perturbation form is given by

f m
n = max

μi∈{0,1}N

⎛
⎝ N∑

i=1

μisi(m, n) − 3
N∑

i=1

μiki

i−1∑
j=1

μj +
N∑

i=1

μipi

⎛
⎝n +

i−1∑
j=1

μj

⎞
⎠

⎞
⎠ , (18)

where si(m, n) = ωim − kin + ci and ωi = 2ki − 1 for M = 2. Note that we assume
k1 � k2 � · · · � kN (�1/2) without loss of generality for the solution and the term∑

1�i<j�N μiμjaij in (13) becomes −3
∑N

i=1 μiki

∑i−1
j=1 μj in (18) under this assumption.

Thus, the first two terms in the max function of (18) are derived from (13).
The feature of this solution is the last term in the max function,

∑N
i=1 μipi

(
n+

∑i−1
j=1 μj

)
.

If pi ≡ 0 for any i, the solution becomes the normal N-soliton solution equivalent to (13) for
M = 2. The function pi(n) is periodic on n with period 2, that is,

pi(n) = pi(n + 2). (19)

Moreover, the following additional condition is necessary for ki:

ki � |pi(n) − pi(n + 1)|,
|ki − kj | � |pi(n) − pi(n + 1) − (pj (n) − pj (n + 1))|. (20)
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Figure 1. Plot of the 1-soliton solution for N = 1, k1 = 2 (ω1 = 3), c1 = 0 and p1 ≡ 0.
(a) Values on lattice points, (b) continuous profile for n.

We introduce the ultradiscrete permanent before giving the solution in the UP form. The
permanent is a sign-free determinant defined by

perm(aij ) =
∑
π

a1π1a2π2 . . . aNπN
(21)

where (aij) is N ×N matrix and π = (π1, π2, . . . , πN) is any possible permutation of numbers
(1, 2, . . . , N). If we use the transformation aij → eaij /ε and take the limit ε → +0, we obtain

lim
ε→+0

ε log perm(eaij /ε) = max
π

(a1π1 + a2π2 + · · · + aNπN
). (22)

Since we can consider the above expression as the max operation for the matrix (aij ), we refer
to it as max(aij ) and we call it the ultradiscrete permanent.

The solution to (17) in the UP form is given by

f m
n = 1

2 max(|si(m, n) + 3(j − 1)ki + pi(n + j − 1)| + pi(n + j − 1)), (23)

where pi(n) is the same as in (18) satisfying (19) and the additional condition (20) is also
necessary. If pi ≡ 0 for any i, this solution becomes the normal N-soliton solution. We
consider it as an ultradiscrete analog to the discrete solution (15) though we cannot show their
direct relation by the ultradiscretization. Note that some ultradiscrete solutions in the UP
form are also obtained for other ultradiscrete soliton equations [3, 6]. Moreover, we show in
section 4 that the perturbation form (18) and the UP form (23) are equivalent to each other and
give the same xm

n to (7) for M = 2.

3. Time evolution of periodic phase soliton

In this section, we demonstrate the time evolution of PPS solutions. The solution xm
n to the

uhLV equation (7) for M = 2 is obtained from f m
n to (17) through the transformation (8) for

M = 2, that is,

xm
n = f m

n−2 + f m+1
n+3 − f m

n − f m+1
n+1 . (24)

We use the perturbation form (18) to demonstrate. If we assume pi ≡ 0, it becomes
the normal soliton solution. Before demonstrating PPS solutions, we demonstrate soliton
solutions for comparison. Figure 1 shows 1-soliton solution (N = 1 and p1 ≡ 0).
Figure 1(a) shows the value on the integer lattice points (n,m) and ‘.’ denotes the value 0.
Using this representation, the 1-soliton seems to change its shape periodically as time proceeds.
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Figure 2. Plot of the 2-soliton solution for N = 2, k1 = 3 (ω1 = 5), c1 = 0, p1 ≡ 0, k2 = 1
(ω1 = 1), c2 = 0 and p2 ≡ 0. (a) Values on lattice points, (b) continuous profile for n.

4 2 2 4

0.2

0.4

0.6

0.8

1.0

Figure 3. Plot of p(n) defined by (25).

However, we can observe from the continuous profile of solution as shown in figure 1(b) that
1-soliton does not change its shape during propagation. Similarly, each soliton of the 2-
soliton solution propagates stably without changing its shape except for the interaction period.
Figure 2 shows an example of the 2-soliton solution.

We use a function p(n) defined by

p(n) = min(mod(n, 2), 2 − mod(n, 2)) (25)

to construct the PPS solutions. The graph of this p(n) is shown in figure 3.
The 1-PPS solution is described by

f m
n = max(0, ω1m − k1n + c1 + p1(n)). (26)

Figure 4 shows the solution xm
n for N = 1, k1 = 1 (ω1 = 1), c1 = 0 and p1(n) = p(n), and

figure 5 for N = 1, k1 = 3 (ω1 = 5), c1 = 0 and p1(n) = 3p(n). In both figures, the shape
of solitary wave changes periodically. Figures 4(a) and 5(a) show the values of the solution
on the integer lattice points. Since all parameters are integer, the values are always integer.
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Figure 4. Solution xm
n for N = 1, k1 = 1 (ω1 = 1), c1 = 0 and p1(n) = p(n). (a) Values on

lattice points, (b) continuous profile for n, (c) detailed profile at certain time steps.

Figures 4(b) and 5(b) show the continuous profile of the solution. These figures also indicate
the periodic change of profile. It is clear that the PPS solution is of a different type from
the soliton solution without periodicity as shown in figure 1. Figures 4(c) and 5(c) show the
detailed profile of solutions at certain time steps.

The 2-PPS solution is described by

f m
n = max(0, s1(m, n) + p1(n), s2(m, n) + p2(n),

s1(m, n) + s2(m, n) − 3k2 + p1(n) + p2(n + 1)), (27)

where si(m, n) = ωim − kin + ci . Figure 6 shows the solution in the case of N = 2, k1 = 3
(ω1 = 5), c1 = 0, p1(n) = 3p(n), k2 = 1 (ω1 = 1), c2 = 0 and p2(n) = p(n), and the larger
PPS passes through the smaller. The larger PPS changes its shape after the interaction due to
the phase shift though the smaller does not change.

The solution of a couple of a PPS and a soliton is given by the case of p1(n) ≡ 0 and
p2(n) �= 0 or of p1(n) �= 0 and p2(n) ≡ 0. Figure 7 shows the solution in the case of N = 2,
k1 = 3 (ω1 = 5), c1 = 0, p1(n) ≡ 0, k2 = 1 (ω2 = 1), c2 = 0 and p2(n) = p(n), and the
larger soliton passes through the smaller PPS. In this case, the traveling wave behaving like a
PPS is transformed into a soliton without a periodic variation after the interaction. However,
such a transformation does not always occur and it depends on the parameters of solution.
Figure 8 shows the solution in the case of N = 2, k1 = 3 (ω1 = 5), c1 = 0, p1(n) = 2p(n),
k2 = 1 (ω2 = 1), c2 = 0 and p2(n) ≡ 0, and the larger PPS passes through the smaller soliton.
In this case, the transformation of waves does not occur.

4. Outline of proof on the solution

In this section, we give the outline of proof showing that solutions (18) and (23) satisfy the
bilinear equation (17). First, we show that solution (23) is equivalent to solution (18). Second,

6
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Figure 5. Solution xm
n for N = 1, k1 = 3 (ω1 = 5), c1 = 0 and p1(n) = 3p(n). (a) Values on

lattice points, (b) continuous profile for n, (c) detailed profile at certain time steps.
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Figure 6. Two PPS solution for N = 2, k1 = 3 (ω1 = 5), c1 = 0, p1(n) = 3p(n), k2 = 1
(ω1 = 1), c2 = 0 and p2(n) = p(n). (a) Values on lattice points, (b) continuous profile.

we show that solution (23) satisfies the bilinear equation (17). Since the proof is very long,
we only show the outline here.
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. . . . . . . . . . . . . . . . . . . . . . 211. . . 341. . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . 112. . . 242. . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . 211. 143. . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . 112. . 341. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . 211242. . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . 112143. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . 214311. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . 115212. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . 521211. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . 422112. . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . 323. . 211. . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . 224. . 112. . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . 125. . . . 211. . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . 161. . . 112. . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . 521. . . . 211. . . . . . . . . . . . . . . . . . . . . . . . . . .

. . 422. . . . 112. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Figure 7. Interaction of a PPS and a soliton for N = 2, k1 = 3 (ω1 = 5), c1 = 0, p1(n) ≡ 0,
k2 = 1 (ω2 = 1), c2 = 0 and p2(n) = p(n). (a) Values on lattice points, (b) continuous profile.

. . . . . . . . . . . . . . . . . . . . . . . . . . 121. . . . . . . . 521.

. . . . . . . . . . . . . . . . . . . . . . . . . 121. . . . . . . 422. . .

. . . . . . . . . . . . . . . . . . . . . . . . 121. . . . . . 323. . . . .

. . . . . . . . . . . . . . . . . . . . . . . 121. . . . . 224. . . . . . .

. . . . . . . . . . . . . . . . . . . . . . 121. . . . 125. . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . 121. . . . 161. . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . 121. . . . 521. . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . 121. . . 422. . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . 121. . 323. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . 121. 224. . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . 121125. . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . 121161. . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . 121521. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . 125121. . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . 161121. . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . 521121. . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . 422. 121. . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . 323. . 121. . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . 224. . . 121. . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . 125. . . . 121. . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . 161. . . . 121. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
n
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10

5

0

5

10

m
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Figure 8. Interaction of a PPS and a soliton for N = 2, k1 = 3 (ω1 = 5), c1 = 0, p1(n) = 2p(n),
k2 = 1 (ω2 = 1), c2 = 0 and p2(n) ≡ 0. (a) Values on lattice points, (b) continuous profile.

We may assume k1 � k2 � · · · � kN for the solution f m
n of (23) in the UP form without

loss of generality. Since |x| = max(x,−x), we can rewrite f m
n by

f m
n = 1

2
max

σ∈{1,−1}N
Am

n (σ ), (28)

where Am
n (σ ) is an N × N matrix of which (i, j) element Am

n (σ )ij is given by

Am
n (σ )ij = σi(si + 3(j − 1)ki + pi(n + j − 1)) + pi(n + j − 1), (29)

and σ = {σ1, . . . , σN } ∈ {−1, 1}N .
Assume that σ = {σ1, . . . , σN } is given and r denotes the number of −1 included

in σ . Then we introduce πi(σ ) (1 � πi � N ) satisfying σπ1 = · · · = σπr
= −1

(π1 < · · · < πr ) and σπr+1 = · · · = σπN
= +1 (πr+1 > · · · > πN ). For example, if

N = 6 and σ = {1, 1,−1,−1, 1,−1}, then we obtain π1 = 3, π2 = 4, π3 = 6, π4 = 5,
π5 = 2, π6 = 1.
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Moreover, we can obtain the following relation in the case of i1 < i2 and j1 < j2:

Am
n (σ )i1j1 + Am

n (σ )i2j2 − Am
n (σ )i2j1 − Am

n (σ )i1j2

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3(j2 − j1)
(
ki2 − ki1

)
+ 2

(
pi1(n + j1 − 1)

−pi1(n + j2 − 1) − pi2(n + j1 − 1)

+ pi2(n + j2 − 1)
)

� 0 (if (σi1 , σi2) = (+1, +1)),
−3(j2 − j1)

(
ki2 + ki1

)
+ 2(pi1(n + j1 − 1)

−pi1(n + j2 − 1)) � 0 (if (σi1 , σi2) = (+1,−1)),
3(j2 − j1)

(
ki2 + ki1

) − 2
(
pi2(n + j1 − 1)

−pi2(n + j2 − 1)
)

� 0 (if (σi1 , σi2) = (−1, +1)),
−3(j2 − j1)

(
ki2 − ki1

)
� 0 (if (σi1 , σi2) = (−1,−1)).

(30)

We use the additional condition (20) to derive the above evaluation. Then we can obtain

max Am
n (σ ) = Am

n (σ )π11 + Am
n (σ )π22 + · · · + Am

n (σ )πNN . (31)

Let us rewrite the above equation by

max Am
n (σ ) = Am

n (σ )1π ′
1

+ Am
n (σ )2π ′

2
+ · · · + Am

n (σ )Nπ ′
N
, (32)

introducing π ′
i (σ ). Then we obtain

π ′
i (σ ) − 1 = 1 + σi

2

⎛
⎝N −

i∑
j=1

1 + σj

2

⎞
⎠ +

1 − σi

2

i−1∑
j=1

1 − σj

2
. (33)

Using these results, the solution f m
n of (28) is described by

f m
n = max

σ∈{1,−1}N

(
N∑

i=1

σi(si + 3(π ′
i (σ ) − 1)ki) +

N∑
i=1

(1 + σi)pi(n + π ′
i (σ ) − 1)

)
. (34)

This leads to the perturbation form (18) using the transformation of σi to μi , that is,
σi = 2μi − 1. Note that (18) and (23) are different by a linear term of m and n but this
term disappears in the rhs of (24). So far, we show the outline of the proof on the equivalence
of (18) and (23).

Next we show that f m
n of (23) satisfies the bilinear equation (17). Three terms, f m

n+1+f m+1
n ,

f m
n + f m+1

n+1 and f m
n−2 + f m+1

n+3 , are included in (17). They follow the form f m
n+a + f m+1

n+b given by

f m
n+a + f m+1

n+b = 1

2
max

σ, σ ′∈{−1,1}N
(
max Am

n+a(σ ) + max Am+1
n+b (σ ′)

)
. (35)

If we define λi (1 � i � N ) by λi = σi + σ ′
i , λi is equal to 2 (σi = σ ′

i = 1), 0 (σi = 1,
σ ′

i = −1 or σi = −1, σ ′
i = 1) and −2 (σi = σ ′

i = −1). Moreover, let us define Fm
n (a, b, λ)

by

Fm
n (a, b, λ) = max

λ=σ+σ ′

(
max Am

n+a(σ ) + max Am+1
n+b (σ ′)

)
, (36)

where λ = {λ1, . . . , λN } = σ + σ ′ = {σ1 + σ ′
1, . . . , σN + σ ′

N }. We can prove the following
equation holds for any λ:

Fm
n (1, 0, λ) = max

(
Fm

n (0, 1, λ), Fm
n (−2, 3, λ) − 2

)
. (37)

Then we have

max
λ∈{2,0,−2}N

Fm
n (1, 0, λ) = max( max

λ∈{2,0,−2}N
Fm

n (0, 1, λ), max
λ∈{2,0,−2}N

Fm
n (−2, 3, λ) − 2). (38)

This means f m
n of (23) satisfies the bilinear equation (17).

9



J. Phys. A: Math. Theor. 42 (2009) 495204 S Nakamura

5. Concluding remarks

We propose a new type of solution to the ultradiscrete hungry Lotka–Volterra (uhLV) equation.
The periodic phase is introduced into the phase term of soliton. Then the soliton becomes
a traveling wave showing a periodic variation. Such a wave is referred as a periodic phase
soliton (PPS) in this paper. Since a PPS reduces to a soliton when its periodic phase is set to
zero, the PPS solution covers solitons.

It has two equivalent forms of solutions: one is the perturbation form and the other is the
ultradiscrete permanent form. We show the concrete demonstration on the solutions in the
case of M = 2. The interaction among PPSs and solitons is similar to the soliton interaction.
However, the interaction gives a complicated phenomenon. For example, we show that a
traveling wave behaving like a PPS becomes a soliton after the interaction in the specific case.
The detailed analysis about such phenomena is necessary and it is one of the future problems.

We prove that the solution satisfies the ultradiscrete bilinear equation of the uhLV equation
in the case of M = 2. Since the proof is long, we only give the outline. About the continuous
or the discrete soliton equations, we can show that a compact and systematic proof using some
formulas on determinants related to the Plücker relations. However, we have not yet obtained
the ultradiscrete version of such formulas. It is another future problem to find the formulas
and make the systematic proof on the PPS solutions.
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